MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3-DECEMBER 2014
ROUND 1 TRIG: RIGHT ANGLE PROBLEMS, LAWS OF SINESAND COSINES
ANSWERS

A)

B) ( :

C)

A) The hypotenuse of right triangle ABC has alength of 195 units.
If al sidesof AABC have integer lengths, compute the perimeters of al possible

triangles ABC.

— D
B) Point P islocated on the diagonal AC (not a an endpoint) in square
ABCD whose side has length 6. BP =k. For the minimum integer
valueof k, sin ZAPB=q.
Compute the ordered pair (k,q). p
A

C) In AABC, AC=7, AB=13 and XA isabtuse.
If BC has integer length, what is the maximum value of cosA?



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Round 1

A) Since 195=3-5-13, the only integral right triangles with a hypotenuse of length 195 are
triangles similar to a 3-4-5 or 5-12-13 right triangle, namely, triangles with sides of length

39(3,4,5) = (117,156,195) = 468 or 15(5,12,13) =(75,180,195) = 450.

B) AC=6y2. SinceP cannot coincide with A, k< 6. When BP L AC, k=32.
Thus, 32 < BP <6 and the only integer valuein thisrangeis 5.

PSR C
Using the Law of Sineson AAPB, smk45 :SméAPB. D
Substituting, sin ZAPB = 3‘5 :(5, 3\5/5]
P
Al/45° B
6
A

C) Let x denote the length of BC.
Clearly, to satisfy the triangle inequality, the maximum value of xis 19.
Asthe value of x increases, so does the measure of <A.

However, since the va ue of the cosine decreases as the measure 13
of the angle increases from 90° to 180°, we want the minimum
possible value of x for which £Ais obtuse!

Using the Law of Cosines, we have B
2 2 v 218_)(2
X =7°+13"-2-7-13-coOSA=> COSA = .
2-7-13
If XAisobtuse, then cosA< 0 and thisoccurswhen 218— x*> <0< x* > 218 = x>14.
218-15° T 1

Thus, the minimum value of xis 15 and cosA= = =—-—.
2.7-13 2.7-13 26



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014
ROUND 2 ARITHMETIC/NUMBER THEORY
ANSWERS

A)

B)

C)

A) Compute the remainder when 6™ isdivided by 7.

B) Find the smallest of four consecutive positive integers such that the first (smallest) is
divisible by 5, the second by 4, the third by 3, and the fourth by 2.

C) What isthe second smallest positive integer with exactly 15 positive factors?




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Round 2

A) Examine the remainders of consecutive powers of 6 divided by 7.
6" =6,6° =36,6° = 216,6" =1296
Dividing by 7, the corresponding remaindersare 6, 1, 6, 1, ... .
Thus, this pattern suggests that 6 raised to an odd power leaves aremainder of 6; an even power
leaves 1. Therefore, 6 divided by 7 leaves a remainder of 6.

Alternate solution/proof (Modular arithmetic):

Note: Thenotation a=b (mod n) reads “a is congruent to b modulo n”.

It isequivaent to saying “when aiisdivided by n, the remainder isb”.
Convince yourself that this relation satisfies the transitive property, namely,
if a=b(mod n) and b=c(mod n), then a=c(mod n).

=-1(mod 7) = 6" = (-1)"*° = -1(mod 7)
By transitivity, 6" =6(mod 7).

B) The numbers -5, —4, -3, and —2 work, but are not positive. The LCM of 5, 4, 3, and 2 is 60.
Adding 60 to each of these numbers, we have the desired 4 consecutive positive integers.
The smallest is60 + (-5) = 55.

55 =5(11), 56 = 4(14), 57 = 3(19) and 58 = 2(29)

Alternate solution #1 (Algebraic tour de force):

Let theintegersbe x, x+ 1, x + 2 and x + 3. Increase the first by 5, the second by 4, the third
by 3 and thefourthby 2toget x+ 5, x + 5, x + 5and x + 5.

Thus, x + 5 must be divisible by 5, 4, 3, and 2, that is, by 60.

The smallest such positive integer is60 — 5 = 55.

Alternate Solution #2 (Brute Force — the first number must be a multiple of 5):
5,6,7,8-fals 10,11, 12, 13- fails 15, 16, 17, 18 —fails ... 35, 36, 37, 38 —fails
... 55, 56, 57, 58 — Bingo!

C) A number with exactly 15 factors must be of theform p** or p*g?, where p and g are

primes. The smallest two numbers of the first form are 2 = 2'°.2* =16384 and 3“ which
isconsiderably larger. The smallest numbers of the second form are

2'3% =144, 2°5* = 400, 3'2° = 324.and the winner is 324.

Alternately, in order to have an odd number of factors, an integer must be a perfect square.
4=2% = 3factors 9=3" = 3factors 16=2"' = 5factors 25=5° = 3factors
36=2°3" = (2+1)(2+1)=9 factors

... 144=2'3 = (4+1)(2+1)=15factors (1%)

.. 324=18"=2°3" = (2+1)(4+1)=15factors (2"



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014
ROUND 3 COORDINATE GEOMETRY OF LINESAND CIRCLES
ANSWERS
A (., ) r=
B) ( ,

O ( :

A) A student wasin the middle of completing the square to determine the center and the radius
of acircle when he was called to the dinner table. Complete this unfinished business, that is,
give the coordinates of the center and the radius of thiscircle.

(x*—16x+__)+(y*+10y+__)=11+__

B) Line L, passesthrough the point A(-3, 1) and hasslope-1.5.
Line L, isthe perpendicular bisector of the segment whose endpoints are B(4, 3) and C(0, 7).
P(x,y) =L, NL,. Compute the ordered pair (X, y).
Note:  signifies “the intersection of ”.

C) Given: AABC, where A(-2, 3), B(6, 5), and C(8, 1)
P isapoint on the x-axis for which the sum of the squares of the distances to the vertices of
AABC has aminimum value. Symbolically, P(x, 0) isthe point for which

(PA)* +(PB) +(PC)” has aminimum value of N.
Compute the ordered pair (X, N).



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Round 3

A) (x2—16x+ )+(y2+10y+ )=11:
(x2—16x+ 82 )+(y2+10y+52 ):11+64+25=100

= (x-8 )" +(y*+5 ) =10 = Center: (8,-5) Radius: 10

B) Given A(-3,1) and aslope of —g,in point-slope form, I_l:(y—l):—g(x+3)<:>3x+2y:—7.

Given B(4,3) and C(0,7), themidpoint of BC is (2,5) and the slopeof BC is g—_i:—l.

Thus, L,, the perpendicular bisector of BC, has asopeof +1, and
L,:(y-5)=+1(x-2) <= x-y=-3.
L :3x+2y=-7

L,: Xx—y=-3

Solving simultaneoudly, (X, y) = (—1—: éj .

C) Given: A(-2, 3), B(6, 5), and C(8,1) For P(x, 0),
PA? + PB? + PC? = (X+2)° + 9+ (X—6) + 25+ (x—8)* +1=3x" — 24x+139
Factoring out a 3 and compl eting the square,
3(x* -8x +16)+139 —48=3(x-4)’ +91

Since, for x# 4 , 3(x—4)" >0, x= 4 produces the minimum value of 91 = (x,N) = (4, 91).

This problem generalizes nicely for an arbitrary point P(x, y).

Show that PA® + PB? + PC* = 3((x—4)2 +(y—3)2)+ 64, so the minimum valueis 64 and it
occurs for the point P(4, 3).

This point is the centroid of AABC, the point of intersection of the three medians of AABC.

This result generalizes to any triangle!
In general, how is the minimum value determined?

Specificaly, for AABC with vertices

B
A(X: Y1), B(%,,Y,) and C(x,,Y;), the minimum value of A _\ﬁ

3
Describe how to compute k intermsof x, x, and X,.

2 2
PA? + PB? + PC? =3((x——x1+x§+x3j +(y——yl+y2+y3j J+k




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3 - DECEMBER 2014
ROUND 4ALG 2: LOG & EXPONENTIAL FUNCTIONS
ANSWERS

A)

B)

C)

A) Solvefor x> 0. log, VX% + X2+ X2+ X2 =5

B) Compute all possiblereal values of x for which 125" + 4(25)* -13(5)* -52=0.
Express your answer(s) in terms of log, .

C) Solvefor x over the reals: lez 21098



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Round 4

10 5
A) 10g,VX2 + X2+ X +X° =l0g,VAx? =5= \Ja4x? = 2° = 4% = 2° = x=4/27 :%:gi.
B) Factoring 125" +4(25)* -13(5)* -52=0, we have
(25)"|5"+4]-13]5 +4| = [ 25" -13][ 5" +4] =0= 25" =13 (5* +4>Ofor dl x).

_ log.13

Thus, 5% =13 = x = or log.+/13

C) Given: 2:2'0‘9'x8
Taking log, of both sides, log, x—log, 4=10g,8=3log, 2.

<log,x-2=

log, x
& (log, x)* —2(log, x)-3=0
< (log, x-3)(log, x+1)=0
o x=2%2"

Thus, x = 8, l
2

Alternate Solution (Norm Swanson — Hamilton Wenham)
Let p=log,x. Then x=2" .

3

p
Converting the original equation, 2 _ Jloux8 _ jin2 _peanx o 27

P2 ¥,
Equating exponents, p—2=%: p?’-2p-3=0<(p-3)(p+1)=0.
Therefore, p=3, —1 and the solution follows.

What is WRONG with the following “ solution”?

1

3
X = 4(2°0:) = 4( 2792 = 4[2"’92*} = 4(2<'°92X>’1 )3 =4(29%) = 4x = x' = 4= x= 12




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3 - DECEMBER 2014
ROUND 5ALG 1: RATIO, PROPORTION OR VARIATION
ANSWERS

A)

B) ( :

C)

A) For some positive integer values of n, the value of % is not an integer.
n_

Compute the minimum value of n for which thisisthe case.

B) F variesjointly asa and the sum of b and ¢, and inversely as the square of d.
The proportionality constant is k.

If F =96 when(a,b,c,d)=(80,5,7,4)and
F =50 when d =12 and a:b:c=1:2:3, compute the ordered pair (k,c).

C) | have 56 hitsin 172 at-bats for arounded average of 0.326 (hits per at-bats). If | have at
least 400 at-bats this season, what is the minimum number of additional hits| must get to
exceed an average of 0.400? A Hall of Fame season indeed!
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CONTEST 3- DECEMBER 2014 SOLUTION KEY

Round 5
A) Given: 174-3/n
an-3
n=1= %7 =137
Note:
Asn increases by 1, the numerator will decrease by 37 and the denominator will increase by 4.
n:2:>£50:20 n=3:>%:7 n=4:>§:2 n=§:>_—11
. a(b+c) : N
B) Wearegiventhat F =k-———* , wherekisthe proportionality constant.
d
80-12 _9% _8

Substituting, 96=k-——=60k =>k=-—=—. Let (a,b,c)=(x,2x,3x). Then:
16 60 5

2 3 2 2
50_8.X(2+3) 8. 5¢ X _ 2 15.50-9.100= x—30> c-90
5 12 5122 18

Thus, (k,c) = (g,%j :

C) Suppose | getsh hitsin x additional at-bats. To exceed a 0.400 average

15762”‘ >§:>280+5h>344+2x: h> 22X and x+1722 400= x> 228,
+X

X=228=h> 64+5456 = 250 =104= h_, =105

64+ 2x

As X increases, so does which forces h to increase as well.

Thus, 105 is the minimum.

56+104 16§ 2

Check: h=104=> = =—=0.400
400 408 5
h=105= 20+105_161_, 1hos
400 400



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3 - DECEMBER 2014
ROUND 6 PLANE GEOMETRY: POLYGONS (no areas)
ANSWERS

A)

B)

< ( , ) )

A) Oisthe center of aregular heptagon (7-gon). P and Q are two vertices for which diagonal
PQ hasamaximum length. If a°<msPOQ < (a+1)°, compute a.

B) A regular hexagon is partitioned into triangles by the diagonals from a single vertex.
The length of asideis g .

Compuite the positive difference between the perimeters of the triangle with the largest
perimeter and the triangle with the smallest perimeter.

C) A tangram is apuzzle made up of 7 pieces— a sguare, a parallelogram and 5 isosceles right
triangles, formed by dissecting two larger congruent squares, as indicated in the diagram at
the right. These pieces can be assembled to form a myriad number of shapes; for example,

ax/§+b

the cat below. If CD =1, then, asasimplified fraction, AB = , Wherea, b and c are

c

integers. Compute the ordered triple (a,b,c).
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Round 6

A) A quick sketch of heptagon ABCDEFG will confirm that )
diagonals AC and AF have the same length, as do @ 5
the longer diagonals AD and AE .
There are 2 pairs of congruent diagonals starting at each |
vertex and ending at some other vertex. |
That’ s total of 4—27 =14diagonals, 7 short and 7 long.

: . @E \
A short diagonal “skips’ one vertex; :
along one “skips’ two. Asalong diagona PQ “skips’
two vertices. Think of the heptagon inscribed in acircle.

Each side determines a centra angle at O of @ .

/POQ consists of 3 of these central angles or &780 = 154; . side

Thus, a=154 .

B) From the diagram at theright, atriangle is made from
either two sides of the hexagon and a short diagonal, or a
side of the hexagon, a short diagonal and along diagonal.

The differenceis |(s+d, +d,)—(2s+d,)|=|d, - s, but d, = 2s!!

P /
- /
shortdiag
-7 /

Thedifferenceissimply s= g , S0 we have nothing to do. Amen. [~ .
side

C) For dl the pieces, the measures of the interior angles are either 45°, 90° or 135°.
Since the sides of the isosceles right triangle are alwaysina 1:1: J2 ratio, we have

AC =42 ,CD=1:>CE=§ EG=DR=8/2

PR=8 PQ=4/2=QR=8-4/2= FG=TR=%=4\/§—4 GB=QS-FG=4/2+4

AB=AC+CE+EG+GB=

4\/§+§+ 2+(4\/§+4):16.5\/§+4:£22+8

= (a,b,c)=(33,8,2) . P




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3 - DECEMBER 2014
ROUND 7 TEAM QUESTIONS

ANSWERS
A) D)
B) E)
) F)

A) In AABC,AB=8,BC=6,and Dison AB sothat CD =+/10, and AC = AD.
Compute AC.

B) Two positive reduced fractions % and % ,Wherea, b, cand d areintegersand b=d, havea

sum of % Compute the minimum sum b+d .

C) CircleOistangent to both 7x + y =8 and x—y = 4. Theradius of circle Ois /2.
The center of circle Ois (h, k). Compute all possible valuesof h+k.

D) Suppose P and Q are positive integers and that the point R(42P‘Q, log, (P + 2Q)) denotes an

ordered pair of positive integers. Compute the smallest possible sum P + Q for which Rlies
ontheliney =x.

E) A luneisaregion bounded by arcs of circles with different radii. The
circumcircle of aright triangle with sides of 3, 4 and 5 and semi-circles
drawn on the legs in the exterior of the triangle form a pair of lunes.
Compute the ratio of the sum of the areas of thelunes (| + 1) to the
area of the triangle.

C
F) Regular polygon P has m sides and interior angles of x°, where x is an integer.
Regular polygon Q has n sides and interior angles of (x + 2)°.

Compute dl possible valuesof n—m.




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Team Round

A) In AABC, cosA=

B)

8+x°-6° 28+x I
2-8-X 16x

2,2 2
In AACD, cosA= XX ~10_Xx=5 J10
2-X-X X

Equating (since x = 0), X D 8 - X
28+x> x*-5 28+x* Xx*-5
= & =
16x X 16 X
Cross multiplying, 28x+ x> =16x*>—-80 or x°-16x"+28x+80=0.
4 1 -16 28 80
By synthetic division, 4 —-48 -80 , wedeterminethat x=4 isaroot and, if there
1-12-20 O
are additional roots, then x*—12x-20=0 . Applying the quadratic formula,
_12£144+80 12224 12:4\14 _ 6421
2 2 2
X=6+214 >8= BD <0 and must be rejected.
X =6—2414 <0 and must be rejected.
Therefore, the only answer is AC=4.

Notethat X=4 impliesthat D was, in fact, amidpoint of AB, and CD was amedian.

Y ou could also have verified this result using Stewart’s Theorem.

Since 19 is primeit is not possible to find two fractions with denominators smaller than 19
that add to i,asitwouldifthesumwereE l+l:E . If thefirst denominator isk, we
19 15\3 5 15

have: i:E+m or i—E:m. So, n=19k , and the sum of the denominatorsis 20k.
19 k n 19 k n

Now, to minimize the first denominator, we guesstimate.

iissmallerthan },butit isjust slightly larger than l,sowetry E:i. Then:
19 3 4 k 4

> 1. 1 which gives us i=l+i , S0 the minimum sum of the denominatorsis 80.
19 4 76 19 4 76
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Team Round — continued

C) The center of circle O lies on one of the angle bisectors of a pair of vertical angles formed by

the given lines. The distance from the point (h,k) to theline Ax+ By + C = Ois given by
|Ah+ Bk +C|
|7x+y—8|: x—y—4 <:>|7x+y—8|=|x—y—4{
NZEE N T 5%,

2X+6y+12=0 - X+3y+6=0
12x-4y-28=0  |3x-y-7=0"

. Using the point-to-line distance formul a, we have

& |7x+y-8=5x-y-4

7X+y—-8=15(x-y—-4) @{

—X—6

Casel: Centeronx+3y+6=00r y=

Assume the coordinates of the center is (h,k) = [h, —h3— 6]

Using 7x + y—8=0and (h,ﬂj,wehave
‘7h+_h3_6—8‘ 20h
=J§©‘——1o‘=1o
52 3
10+1
c>h:§Lg—£D:>h:&0
20

Thus, (h,k)=(3 -3), (0,-2)=h+k= 0,2

Case2: Centeron 3x—y—-7=00r y=3x-7

Assume the coordinates of the center is (h,k) =(h,3h—7).
Using 7x +y—8=0and (h,3h-7), we have
7h+(3h-7)-8
| +(5\/§ ) ‘=x/§<:>|10h—15|=10<:>|2h—3|=2<:>2h=3i2:>h=

Thus, (h,k):(g, %) 6—1—21) —h+k=3.-5

o1
2'2



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 SOLUTION KEY

Team Round — continued

D) If Rliesony = x, then 4272 = 2%"~2Q —|og,(P+2Q) . Taking log, of both sides,

E)

4P-2Q=log,(log,(P+2Q)). Each expression represents the same positive integer.
P + 2Q must be a power of 2to insurethat log, (P+2Q) isan integer.

log, (P+2Q) must be a power of 2to insure that log, (log, (P+2Q))is an integer.
Thus, P+ 2Q could be: 2* =16, 28 = 256, 2'° = 65536, ...

P+2Q=16 256 65536
{4P—2Q: 2 3 4

-+ Adding, 5P = 1§, 259 , 65540 = (P, Q) = (13108, 26214) = 39322

Note that the Pythagorean Theorem is true for semi-circles (as well as squares), i.e. the area of the
semi-circle on AB equals the sum of the areas of the semi-circleson AC and on BC.

L L2 L4 2o
Thus, (I +)*()+(II +)X():V =M+ I +A

= | +1l =A andtherequired ratioisl1: 1.

Asthe number of sides of aregular polygon increases, the measure
of theinterior angles increases with a maximum measure lessthan 180°. C v B
Therate of increase is decelerating. (3,4,5,6, ... sides= 60°, 90°, 108°,

120°, ..., differences of 30, 18, 12, ... .)

180(m-2) o
Can we avoid an agebraic blizzard, solving m for ordered pairs (m, n)?Yes
180(n-2) _(x+2)°
n
For aregular polygon with k sides and interior angles of j°, we have 180k=2) =jor j :180—@ )

k
k must be afactor of 360. Examining the factors of 360 in decreasing order produces the

largest possiblevaluesof j. 360=2°-3?-5'= (3+1)(2+1)(1+1) = 24= 12 pairs of factors,
Think of pairing the largest factor with the smallest factor, the next largest with the next smallest,
etc., namely, (360,1), (180,2), ..., (20,18) =

(k, j)=(360,179),(180,178),(120,177),(90,176),(72,175),(60,174),(45,172),
(40,171),(36,170),(30,168),(24,165),(20,162),(18,160),(15,156),(12,150),...

Search for j-values which differ by 2 and save the corresponding k-values. By inspection,

the possible ordered pairs (m,n) are
(120,360),(90,180),(72,120),(60,90),(45,60),(36,45),(30,36),(18,20) which produces
differences of 240, 90, 48, 30, 15,9, 6 and 2.




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 3- DECEMBER 2014 ANSWERS

Round 1 Trig: Right Triangles, Laws of Sineand Cosine

A) 450, 468 B) 5,£ ()] )
5 26
Round 2 Arithmetic/Elementary Number Theory
A) 6 B) 55 C) 324
Round 3 Coordinate Geometry of Linesand Circles
. o 13 2
A) Center: (8, -5) radius. 10 B) (_E’Ej C) (4,91)
Round 4 Alg 2: Log and Exponential Functions
A) 16 B) '0‘9’7513or log. V13 ©) 8,%
Round 5 Alg 1: Ratio, Proportion or Variation
8
A) 5 B) (g,%j C) 105
Round 6 Plane Geometry: Polygons (no ar eas)
4
A) 154 B) G C) (33,8,2
Team Round
A) 4 D) 39322
B) 80 E) 1:1
C) 0,-2,3-5 F) 240, 90, 48, 30, 15, 9, 6, 2

(8 values)



