MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015
ROUND 1 ALGEBRA 2: ALGEBRAIC FUNCTIONS
ANSWERS

A) x=

B) ( ,

C ,

A) y= f(x) definesalinear function with slope of % and ay-intercept of —6.

y = g(x) definesalinear function perpendicular to y = f (x) with ay-intercept of +6.
Compute the x-intercepts of y=h(x), givenh(x)= f(x)-g(x).

B) If f‘l(x):l_gzx ,then 8< f (x) <20for a< x<b. Compute the ordered pair (a,b).

C) Thezerosof y= f(x)=3x"+2x—4 areuand V.

Thezerosof y=g(x)=3x*+bx+c are 2u+3v and 3u+2v.
Compute the ordered pair (b,c).



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5—FEBRUARY 2015 SOLUTION KEY
Round 1

A) f(x):gx—B, g(x):—gx+6 = h(x):(gx—Gj(—gx+6]

h(x):O:(éx—Gj:O or (—gx+6j:0:> x=9,4
B) Interchanging x and y and resolving for y, we have

y= f‘l(x):l_zxcx:%@3x+2y:1@ y=f(x)=
<1—3x

< 8<

173 Now 8< f (x)<20

<2016<1-3x<40<=15<-3x<39«< -5>x>-13

= (a,b)=(-13,-5) The order wasimportant, sinceit was required that a<b!

2
@ u+v=—=
C) If thezerosof y=f(x) =3x’+2x—4 areuandv, then i .
(2) uw=——
3
. 2 10
The sum of the zeros of y = g(x) |s(2u+3v)+(3u+2v)=5(u+v)=5-—§=—§.

The product of the zeros of 'y = g(x)is (2u+3v)(3u+2v) =6u” +13uv+6v* = 6(u”+v*)+13uv.
Squaring (1), we have (u+V)? :(u2+v2)+2uv:g:> (u2+v2):g—2uv :

Substituting, (2u+3v)(3u+2v)= G(g— 2uv]+13uv: §+ uv = g

A quadratic equation with roots 2u+3v and 3u+2v is x2+%x+g:0.

Therefore, y=g(x)=3x*+10x+4 = (b,c)=(10,4).



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 2 ARITHMETIC/NUMBER THEORY

ANSWERS

A)

(base5)

B)

C)

A) Given: g, =1011010

\base2) + 1111111(ba592)

Compute a(bases) .

B) The sum of three consecutive positive integers a, b and ¢, wherea < b < ¢, isdivisible by
both 6 and 15. Compute the sum of the three smallest possible values of a.

C) Let A=125.(45)"and B =18-(24)", where x is a positive integer.
Let n(K) denote the number of divisors of K.
n(A

Determine all possible values of x for which w:

—"

=)
Nlw

N—"



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015 SOLUTION KEY

Round 2
1011010
A) Doingthe additionis base 2, we have +1111111 .
11011001

Converting this result to base 10, we have 27 +2° + 2% +2°+2° =128 +64+16+8+1=217.
217—1(53)=217—125=92

Converting to base 5, we have 92— 3(5°) =92-75=17
17-3(5')=17-15=2

Thus, a; =1332
The same conversion can be obtained by repeatedly dividing by 5 and keeping track of the
quotients and remainders until the quotient becomes 0. Reading the remainders from the

bottom up gives us the above answer.
5|217

O r o H
P w W N
=

B) Numbers divisible by both 6 and 15 are multiples of 30.
Let n—1, nand n + 1 denote the three consecutive integers.

Then 3n=30k = n=10k
k=123=>n=10,20,30~> (9,10,11) , (19, 20, 21) , (29, 30, 31)

Therefore, the required sumis 9+19+29=57.

C) A=125(45)" =35 = n(A)=(2x+1)(x+4)
B=18(24)" = 2%"*.3? = n(B) = (3x+2)(x+3)

2x+1)(x+ 4
(2XH1)(x+4) (3 _ oo 36x16— 95+ 33X+ 18— X2~ 3X4 2= 0

" (3x+2)(x+3) 4
= (x-1)(x-2)=0=>x=1,2

Thus



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 3 TRIG: IDENTITIESAND/OR INVERSE FUNCTIONS
ANSWERS

A)

B)

C)

A) Compute: cos(B-(Snl(—%j““ Tanl(—x/é)D

B) Solveover 0<x<2r: 1-cos’ (2x) =tanx

C) Given: 6 =Cos*(k)=Tan*(k), where k>0 ¢
Compute the unique value of sing .




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015 SOLUTION KEY

Round 3

A) 005(6-(8' nl(—%jJrTanl(—x@)n = 0036(—% —%) = cos6~—% = cos(—3r ) =cosr =-1

B) Given: /1-cos’(2x) = tanx
Note that the left hand side of the equation always returns a nonnegative value.
sing+cos’0 =1
Using the identities, . 0 1-cosO -andsguaring both sides, we have
an— =

2 sné
1-cos?(2x) = tan” x
2 2 2
= 1-cos’(2x) = (1f CZOSZX) _(1-cos2x)”  (1-cos2x) _ 1-cos2x
sin’(2x)  1-cos’(2x) (1-cos2x)(1+cos2x) 1+ coS2X

1-cos2x
1+ cos2x
— c0s2Xx=1=0, 7 or 1+C0S2X = +1=> cos2x= 0, >2

T 7 nr m(2n+l) =z Sz
COS2X=0=2X=—+m =>X="F—=">— T 5 = I =
2 4 2 4 4 /4 4 /4

= (1-c0s2x)(1+cos2x) = = 1-c0s2x=0 or (1+cos2x)’ =1

C) 6=Cos*(k)=Tan™*(k)=sing =tang =k 39:%3b2:ac
C c
a’+b’=c*=>a’+ac=c’
2
:a2+ac—cz=0<:>(3] +(3]—1=0,provided cz0 2
C C b
< sin?6+snf-1=0
~1++/5

Applying the quadratic formula, we have sinf = 5
J5-1
2

Since we know that 6 isin thefirst quadrant, sin@ =
-1-45
2

FY1: The approximate value of 6 is 38.17270763°.
cosO = 0.7861513777

tan6 = 0.7861513778

(only).

< -1 is extraneous.

For thisvalue of 6, {



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 4 ALG 1: WORD PROBLEMS

ANSWERS
A) $
B) minutes
C) cups

A) The Kohl’s department store is famous for giving discounts of merchandise which has
already been discounted. Compute the original price of an article, if the customer pays $63
after Kohl’s has discounted the article 40%, and then discounted an additional 30%.

B) Oneday on across-country road trip with my family, we started at 10:30AM. | drove at an
average of 70 mph for 2 hours, stopped k minutes for lunch, drove for another 3% hours at

an average speed of 60mph and then stopped for the day.
My average speed for the entire day was 50 mph. Compute k.

C) Heavy cream is 41% butterfat, while whole milk contains only 5% butterfat. In order to
make a delicious pint of ice cream, arecipe callsfor 3 cups of a mixture which is 19%
butterfat. Compute the number of cups of heavy cream which must be used to produce the
correct butterfat percentage.



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015 SOLUTION KEY

Round 4

A) The customer must pay 70% of the first discounted price which is 60% of the origina price.
~ 63 6300 900

7(6x)=63= .42x=63=> X=—2=—— =" =150.
42 42 6
. i 70(2)+60(3.25
8) Applying R-T =D and R= 2 we have MiIes _ 70(2)+60( - )=50@i5k=50
T hours 5, 305, K 5254+
60 60
=N 134K =5)x(@134=5-21+5©29=5@k=87minutes.
Kk 3 3 —
21+1—5

C) Let (%, y) denote cups of (41% butterfat, 5% butterfat) required by the recipe. Then:
{x +y=3

=>y=3-X =2 4Ix+5@8-X) =57 = 36x=42= x= ! Cups.
A41x+.05y =.19(3) 6



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 5 PLANE GEOMETRY: CIRCLES

ANSWERS
A)
B) units
C) units

V15

A) Circle 1 has adiameter of 2/3. Circle 2 has aradius of —

B)

C)

Compute the ratio of the area of the larger circle to the areathe smaller circle.

A bead with a 2 inch diameter slides along a metal rod

which connects opposite corners of arectangular 6 inch by
8 inch wooden frame. When the bead touches the side of P
the frameit reverses direction. Let P and Q, respectively,
be the locations of the center of the bead when the bead

comes closest to the opposite corners of the frame. .
Compute PQ.

The length of the secant AB is 20.
The length of tangent BC is 10.

Let PQ beachordincircle O paralel to BC. Compute PQ. A 5



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015 SOLUTION KEY

Round 5

A) Theareaof circlelis n(\/§)2 =3r

B)

C)

2
The areaof circle2is ﬂ(gj 15

=—n =375
4

Thus, therequired ratio is % = ;

By similar triangles, ng andr=1= y=],x=g,
X

(diag)d:AP:CQ:g

Therefore, PQ = 10— 2(§j= 20 )
3) 3

Let x denote OA=0OP =QOC, radii of circleO. Then:

In ABOC, X* +10° =(20-x)" =

100=400-40x = x=75
AB=20 = PB=5
AROP~ACOB— /2 _ ¥ 15 _3_y
75+5 10 25 5 10
=>y=6=>PQ=12

10




MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 6 ALG 2: SEQUENCESAND SERIES

ANSWERS

A) f(x)=

B) ( , :

C ,

A) f(X)=c,+CxX+C,X
Find f (x) under the following conditions: f (0) = 4,f (1) =3andf(2) =2

n=>b
B) Theseries S= Z (3n- 5) generates a sum of 3 negative numbers and 2 positive numbers.

Compute the ordered triple (a, b, S).

C) Thesimplified ratio of the sum of the terms of the infinite geometric sequence 3, — 9 21

416"
to the sum of the first four terms of the sequenceis A : B. Compute the ordered pair (A, B).



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015 SOLUTION KEY

Round 6

f(0)=4=c,
A) f(D=3=4+c+c,
f(2)=2=4+2c +4c,
Thus, co=4,c;=-1andc, =0 andf(x) =4 —x_.

B) This series consists of terms of an arithmetic progression with acommon difference of 3,
starting with 3a — 5. Thus, the sequenceis 3a—5, 3a—2, 3a+1,3a+ 4, €efc.
Trying a = 1, the sequence would begin with -2, 1, ... . Regjected, only 1 negative.
Adjusting, let a = -1 and the sequenceis -8, -5, -2, 1, 4 - Bingo!
The series generates 5 terms and the sum is (-8) + (-5) + (-2) + 1 + 4 = -10.

Thus, (a, b, S = (=1, 3, -10).

C) For the geometric sequence 3, —%, % a=3andr :—%

Since |r| <1, the sum of the series converges to 1i
—r

The sum of all thetermsis i— 12 _12

13 4+3 7
4

n

a—ar

The sum of n terms of any geometric seriesis given by

a(1-r*) |

1-r

. We have a:3,r=—% .

In this case, the sum of thefirst 4 termsis

Rather than “simply” computing 3—%+%—%or plugging in specific values, let’s simplify the

formula. a(l—r“):a(l—r (1+r ) aI}{I b (1+r a(1+r)(1+r2) =

1-r 1-r
3(1J(25j > The required ratio is — 2. 4?2 (6;?) 256 (A B)= (256, 175) .
4)\16) 64 7 64 T7(#57) 175 et Mt



A)

B)

9)

D)

MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 7 TEAM QUESTIONS

ANSWERS
A) D)
B) E)
C) F)

Given: f(2x)=2ax*+6bx+c, wherea, b and c areintegers, ¢ > 0and a> —%.

If f (1) =15and f (8) = 36, find the minimum value of a+ b + c.

A
Consider 3-digit numbers of the form A8B and B8A, where A>B.
Find all possible ordered pairs (A, B) for which both of these
3-digit numbers are prime.
4 5
AABC isa3-4-5triangle. It isrotated clockwise about point B
until C' (the image of C) lies between A and B. Compute (A'C)2 :
. . e C u B
In baseball, three computations give a good indication of aplayer’s 3

offensive production.

They are slugging percentage (S.G), on-base percentage (OBP) and batting average (BA):

SLG:(1B)+2(28)+3(38)+4(HR) OBP — H + BB+ HBP BA:i
AB AB+BB+HBP+ S AB

The 4 possible hits (H) in baseball are 1B (single), 2B (double), 3B (triple) and HR (homerun).

AB - at-bats BB - baseon balls (walks) HBP- hit by pitch ~ SF—sacrificefly

My last year in the magjors was my best: 104 singles, 18 doubles, 2 triples and 6 homerunsin
400 at bats. My OBP was the average of my batting average and my slugging percentage.
Thankfully, | was not afavorite target of opposing pitchersand my BB : HBP ratiowas 10 : 1.
How many timeswas | hit by apitch, if | had fewer than 100 sacrifice flies.

Givedl possible answers.



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015
ROUND 7 TEAM QUESTIONS

E) Two circlesaretangent toline £ at point T. A

mM/ATB=36°, JK =2 and PT =3-PM .

The length of minor arc AB is 4?” .

— - B

AT L £, JK L AT.

The area of the region inside the larger circle

and outside the smaller circle can be expressed

in simplest form as §(1+ C\/§)7r , for integers

M
A, Band C. Compute the ordered triple (A,B,C). /o
J Q
\ 2
T L

F) xandy arethe first and second terms, respectively, of an arithmetic sequence (AS).
x and y are also the first and second terms, respectively, of a geometric sequence (GS).
If the third term of the GS is—27 and the third term of the ASis 21, compute al possible
values of the 5" term of the AS divided by the 4™ term of the GS.



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015 SOLUTION KEY

Team Round

A) If f(2x)=2ax*+6bx+c, we can evaluatef (1) and f (8) by letting x = %andx=4respectively.

B)

9)

f(1)=%+3b+c=15

Thus, . Subtracting f (8) from 64( f (1)) , we have 168b + 63c = 924.

f(8)=32a+24b+c=236
Since 168b + 63c = 924 < 84(2)b + 63c = 84(11), the right hand side of the equation is
divisible by 84 and, therefore the left hand side must also be divisible by 84. Thisforces 63c
to be amultiple of 84. Sincethe gcd(63, 84) = 21, ¢ must be a multiple of 4.
Therefore, let ¢ = 4k and 168b + 63c = 924 becomes
168b + 252k = 924 > 2b + 3k = 11 &> b = @
Since 2b is always even, 3k must be odd which forces k to be odd.

From f (1), wehavea=30—6b—2c = 30—6(11_3k

j—2(4k) =30-33+9k-8k=k-3

11-3k k= 5+ 7k

Thus, minimizing a+ b + cisequivalent to minimizing k—3+ for odd

positive values of k. However, we must aso verify that az-%.

k=1= (a,b,c) = (-2, 4, 4) and —22—374}3. Thus, the minimum value of a+b+¢ is6.

To be checked: (381, 183), (781, 187), (783, 387), (981, 189), (983, 389) (987, 789)
The underlined pairs fail because each isdivisible by 3.

The second pair fails since 781 is divisible by 11. A
Only the 5™ pair needs be exhaustively checked:

389 must be checked for divisibility by primes up to /389 < 20

= 7,13,17, 19 (dl fail - it's prime)

983 must be checked for divisibility by primesupto +/983<32 4
= 7,13, 17, 19, 23, 29, 31 (all fail - it's prime)

Thus, the only ordered pair is (9, 3).

Using the Law of Cosines, we have C

(A'C)* =3*+5~2.3-500820 = 34-30c0s20 . In AABC, cosf :g: 0 :Cosl(gj :

2
Using the double-angle identity, cos26 = 2cos*0 -1, cos(ZCosl(gn = 2(%) -1= —%

Substituting, (A'C)” =34+ 30-% = 34+4—52 = % or42.4.



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015 SOLUTION KEY

Team Round - continued

D) 104 singles, 18 doubles, 2 triples and 6 homeruns in 400 at bats

E)

My batting average was BA = 104+18+2+6_130 13 _ =0.325

400 T 400 40

104+2(18)+3(2)+4(6) _170 _17
400 T 400 40

Thus, my on base percentage was % or 0.375. Letx=HBP andy = SF. Then:

My slugging percentage was 9L.G = =0.425

BB + HBP = 11x and we have &:0.375% & 1040+ 88x = 1200+ 33x + 3y

400+11x+y
, : 5(11x-32
< < 55x -3y =160 (alinear function w/slope %) & y:¥

, . . 5(12
Since 3isnot afactor of 5, it must be afactor of 11x—-32. x=4= y:%=20

Increasing x by 3 and y by 55, we get additional pairs: (7,75), (10,130),...

However, since | had fewer than 100 sac flies, only 4 and 7 are acceptabl e x-values.
A

Let Rand r denote the radii of the large and small circles

respectively. Asaninscribed angle Z/ATB, its degree

measure is half the degree measure of itsintercepted B

arc. Therefore, minor arc AB is72°,i.e. itslengthis

é of the circumference of the circle and

C= 5(4;[) 47 = R=2. Let PT =x. Applying the M
P
product-chord theorem in the larger circle, x(4—x)=1°. J \ Jy
T £
x2—4x+1:0:>x:4i§\/§:>PT:2—\/§
(the other root is extraneous)
4 2
PT=3-PM= TM =§(2—\/§):r:§(2—\/§)
Therefore, the required areais
4 — 7[( j(z Jf_s) _n(4——(7 4f)j= (4—§ 16[)

—n(S 16\/_j (1 +23)7= (AB,C)=(89,2).



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5- FEBRUARY 2015 SOLUTION KEY

Team Round - continued

F) GS: x,y,-27,... AS: x,vy,21,...
In the GS, the common ratio is > = LN y* =-27x.
Xy

In the AS, the common differenceis d=y—-x=21-y= x=2y-21.
Substituting, y*=-27(2y-21) < y*+54y—27-21=0 or
y?+54y-9-63=0< (y-9)(y+63)=0

= y=9,x=-3 (r=-3) or y=-63, x=-147 (r:%)

Thus, there are two possible pairs of sequences.
{G.S. -39,-27,[81,-243.. 45 5

= =
A.S. —3,9,21,33[45],... 8l 9

81
-147,-63,-27,—,...
:189(_1] B

7
-147,-63,21,105,189,...

81 3



MASSACHUSETTSMATHEMATICSLEAGUE
CONTEST 5-FEBRUARY 2015 ANSWERS

Round 1 Alg 2: Algebraic Functions
A)4,9 B) (-13-5) C) (10,4)
Round 2 Arithmetic/ Number Theory

A) 1332 B) 57 C) 1,2 (order irrelevant)

Round 3 Trig I dentities and/or Inverse Functions

A) -1 B) 0%, 2. o ¥5-1
4 4 2

Round 4 Alg 1: Word Problems

A) $150 B) 87 (@) %
Round 5 Geometry: Circles

5 20
A) = B) — C) 12
) 2 ) 3 )

Round 6 Alg 2: Sequences and Series

A) f(x)=4-x B) (-1, 3,-10) C) (256, 175)
Team Round

A) 6 D) 4and7

B) (9,93 E) (89,2)

C) 2—;2 (or 42.4) F) g_§ or equivalent

(Both answers are required, but order isirrelevant.)



Appeal from Hamilton Wenham in Round 5 Question B

The original wording of the question was as follows:
A bead with a 2 inch diameter slides along a metal rod which connects opposite corners of a

rectangular 6 inch by 8 inch wooden frame. When the bead touches the side of the frame it
reverses direction. Let P and Q be the points aong the wire where the bead comes closest to the
opposite corners of the frame. Compute PQ.

Assuming P was not the center of the bead.
Zoom in on the upper left corner of the frame when the bead touches the top edge of the frame.

8
A ‘ B
1
Q X 1
6
Diag =10
D C

AAOQ~AACD:>AQ:AD<:> 1 :§:§:>3X+3:4::>x:1
oQ CD x+1 8 4 3

Using the Pythagorean Theorem on AAQO,

2
(ﬂj +12=A02:>A02:§:>AO:§:>AP:§—1:E
3 9 3 3 3
Therefore, PQ:10—2(§j: 2_:

Alternate interpretation was accepted.



