MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004
ROUND 1: ALGEBRAIC FUNCTIONS
ANSWERS
A)
B)
O

A) Ifflx) = ~2x* + 7x - 3, calculate f{3 + h) — f{3 — h) in terms of h.

B) If f{ix) = x + 5 and g(x) = x?, solve the equation flg(2 —~ a)) = g(f(a - 3) for a.

C) If f(ix) = 2x + 1 and g(x) = 3x - 2, solve the equation f~'(f~'(w)) = f(g"'(w)) forw.



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 2: NUMBER THEORY

ANSWERS

A)

B)

0

A) Given (A4B4), = (BB0), where 0 is zero, and A and B are distinct natural numbers. Determine
both possible values of A and B. Write the answers in the form (A, B).

B) Determine the units digit for the sum of 7°°® + 9%

C) How many positive even integers are divisors of (1 2° )(184) ?



MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004
ROUND 3: TRIG. IDENTITIES OR INVERSES
ANSWERS
A)
B)
C)

(cot@ — cosB)(1 + sin6)

A) Simplify ey
cos

to the form T(0) where T is one of the six trig functions.

B) For 0° < 8 < 360°, solve _2tanb —@

1+tan’d 2

. . a3 . .
C) Using principle values, express cos(sec”’ 5 cos™ -;—) in simple radical form.



MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004
ROUND 4: WORD PROBLEMS
ANSWERS
A)
B)
0

A) What is the larger of the two numbers whose sum is ten, if the sum of their reciprocals is 8/15.

B) An elevator went from the bottom of a tower to the top at a speed of 4 meters/second. It
remained at the top for ninety seconds, and then returned to the bottom at a speed of 5 m/sec.
If the total trip took 4 5 minutes, how high is the tower?

War/;/é—
C) The sum of the squares of three-pesitive odd integers is 967 more than the sum of the

squares of the two even integers between them. Calculate the sum of the five consecutive
integers.



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 5: GEOMETRY CIRCLES
NON-CALCULATOR
ANSWERS

A)

B)

O

A) Three circles of areas 7, 47, and 9n are drawn tangent to each other. Calculate the area
of the triangle formed by connecting the centers of the three circles.

B) In the figure, AC is a diameter of circle O, 4B = %EE , D 1is the midpoint of AC . Find
the value of BC/AD in simplified radical form.

AN
\J

C) Incircle O, CD 1 4B ,CE =5, CD =14, and the ratio of AE to AB is 1 to 6. The area of
circle O is k7. What is the value of k?

C/—




MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004
ROUND 6: SEQUENCES & SERIES
ANSWERS
A)
B)
O

A) In an arithmetic sequence of ten terms, the tenth term is 14, and their sum is 5. Find the second
term.

B) The second term of a geometric sequence’is 12, and the sixth term is 1024/27. Find the first term.

C) The six terms 2x -3, t, 7—- 12y, x + 3, 3y — 4, x + 12 are in arithmetic sequence. Find the
ordered triple (x, y, t).



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 7: TEAM QUESTIONS

ANSWERS
A) D)
B) E)
) F)

A) If fix) = 2x* — 17x + 24 and f(x + a) = 2x* — 5x — 9, calculate the value of a.

B) Determine the 142™ positive integer divisible by three or five.

27 AL S .
C) Express cos” -2—Z — sin” -Z—Z- in simplified radical form.

D) The hundred’s digit of a three-digit number is one more than twice the units digit, and the

tens digit is three less than the units digit. If the digits were reversed, the number obtained
would be 396 less than the original number. Find the original number.

E) In the figure, AC=9, GC =6, GE =3, and AD =DG = GF. Find BC.
(noT To Scale)

F) An infinite geometric series has a sum of 54 while the sum of the first three terms is 52.
What is the first term?




MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004

ROUND 1: ALGEBRAIC FUNCTIONS
ANSWERS
A) - /loh
B § /&
0 -37/5

A) If fix) = -2x* + 7x — 3, calculate f{3 + h) — f(3 - h) in terms of h.
[-a(qa+th+tY +7(2+6)-3] - [~2(9 btk +7(3-4) - 2]
:[-— 1§ ~12h «Ll\1+ 9—"{'7/""33—[-—/94. (2 h —l[\L-f 2/ -4 »3}

(- sh ~aht) - ($h - 2ht) = 1ok

Ml

B) If f{ix) =x + 5 and g(x) = x*, solve the equation f{g(2 - a)) = g(f{(a - 3) for a.
, = 2
o] = 3le-9s5], (amn)s s = (@0
. ks
U - Hata +§ =4 P a4y
5 =fa
A < .S-/P
C) If f{x) = 2x + 1 and g(x) = 3x ~ 2, solve the equation f~'(f~'(w)) = f(g'(w)) forw.
! - X-1 “lrys x4 2
§7 0= X2, g7 2

‘A._./_:_I —[ wt+ E
2 - 2(T+ )4// W—/"L:2W4V+?
P - g R
<

W -3 lw*”?j 'ZL/—‘irfw"-l(?

94 < 37 = S, w= -3



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 2: NUMBER THEORY

ANSWERS
a_(%2), (£.y)
B) 2

C) /20

A) Given (4B4), = (BBO),, where 0 is zero, and A and B are distinct natural numbers. Determine
both possible values of A and B. Write the answers in the form (A, B).

E/A+9R +A = 124341173
PrA = 1323-90 =230
1/‘4:(36/ A: ‘j} =2 sc /q:é}G:Q

B) Determine the units digit of 77 + 9%

2 e L ) <
_77'_; gl //Lo} =3 343:/@
119 ﬁ.,i 1’Lao3 =/
11
2
27 |

C) How many positive even divisors does (12°)(18*) have?
| y 3 /o 7]
(1"“'3}3(1'27')/: 26‘3 -1L/rzf=1 . 3

g dinsoms = (1040(11+) = 17 (12)=2132

Ans 32 - odd L'il//Sarg =/32- /2 = /20




MASSACHUSETTS MATHEMATICS LEAGUE

FEBRUARY 2004

ROUND 3: TRIG. IDENTITIES OR INVERSES
ANSWERS
A) Csc@

B) 39, 6o, 1lo’ 2yo’

0. (242/20) /i
td — cosH)1 + sin6 i
A) Simplify (co cosf)1 + sinf) to the form T(9) where T is one of the six trig functions.
cos’ 8
(QOSG _ Case)( [4 Sm@) (Cos@ - §1n9603@)(14 Sin 9)
Sima -
Cos o Sine cis¥o
el
I -S1I 6) 1
C‘OSQ( " = = CSC k2]
Sin o C'/ana Sina

B) For 0° < 8 < 360°, solve _2tanf V3

1+tan?@ 2

2.Sing
——— < P T
Coso . 25MO  cos™® _ 25me0u8 = Sinzg = V2
= Cos @ =
Sec o !

o 2 ° N
29 = (o i ,10/ 420 , Y Lo
o= "30: Go', 270", 240"

C) Using principle values, express cos(sec™ 3 cos™ %) in simple radical form.

g/]ﬁ’ %zﬂ

2

Cos A CRSR + SMASNG =

i

|
o, .2/l 2423
R 3 S /S



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 4: WORD PROBLEMS
ANSWERS

A) /S'/l
B) 700

oOr/Iss

A) What is the larger of the two numbers whose sum is ten, if the sum of their reciprocals is 8/15.

K) [0~ X | / _ P

~ —

X Jo~x 1§

T
[ 1o =X) FISX = 8(/0;<~><)
/0 = fox ~ Fxl'/ ,PxL_ Fox fr570 20
Gr'=Yox 47520 (-5 Jx~15) < 0 A= L, L8 ANS 15/,

B) An elevator went from the bottom of a tower to the top at a speed of 4 meters/second. It
remained at thé top for ninety.seconds, and then returned to the bottom at a speed of 5 m/sec.
If the total trip took 4.5 minutes, how high is the tower?

X‘\L\T U-€~L/{L/n77f_ _4)/_(___’_ 95 + _%: .__Q/"}OI _)f_/__+ _bx; =/f0

X + 4x = /Fo 20

fj_'{(_—_— [§0 .20 , X = 2020 = oo
9 Y,

C) The sum of the squares of three positive odd integers is 967 more than the sum of the
squares of the two even integers between them. Calculate the sum of the five consecutive

integers. ¢ K 42 x4¢ i 3
X+ (x+2) + (><+L/)l: g CT+ (x41)+ (x+43)
Xk AR Y Ll = QT+ axd |+ LA
)cL+/’z.>L+1a:cp'}<+‘i77, xl+vx—§57:0
( X+33)(><*W)=<’ ;) X =29 x il = 39, x+1:7/))(+5:3'2/x+1/:33

O X=-33 =7 — /55 ‘
o / fivsTIsE



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND S: GEOMETRY CIRCLES
NON-CALCULATOR
ANSWERS

A) 6
B) VG /2
o_§&S5

A) Three circles of areas 7, 47, and 9z are drawn tangent to each other. Calculate the area
of the triangle formed by connecting the centers of the three circles.

f' 3,98 s, G(J‘“’:‘D‘:)g'c/:é
VA /

B) In the figure, AC is a diameter of circle O, AB = -;—B-é , Dis the midpoint of AC . Find
the ratio of BC to AD in simplified radical form.

(T OA—.—ac:/,T/w- Ac =), QC:J}/
AdsVE. Re/ap = Az = V64

%

C) Incircle O, CD L ZE, CE =35, CD = 14, and the ratio of AE to AB is 1 to 6. The area of
circle O is kz. What is the value of k?

s —_
/C/_\ Gr=2, AB=X,BB=5X, §x = {47 x =23
A . L;‘ A ;‘;ﬁg:/s; [g{::(a) FI2=9 6F=@F22,
C,:___fo 03 ks

€L

27+ 9= 0= K&




MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 6: SEQUENCES & SERIES
ANSWERS

A - /¢
B 19

gy -2)

o (% 4=

A) In an arithmetic sequence of ten terms, the tenth term is 14, and their sum is 5. Find the second
term.

Q.;qc/ /L/ {‘(L&-Fffg) §$ So a+ Gd = 1Y
2 a49d= | &F-17

~i12+9d =14 al=27,d=2,

6{,1/:0!,+c/:-/‘3+3:-/0

B) The second term of a geometric sequence is 12, and the sixth term is 1024/27. Find the first term.

L/ ' Y_ (o2Y _ 2¢( — 1%
= /67-’["/ = = 7 = , f-f
a, = Xy _ I < +l2, 2+ 19
- T i Ty

C) The six terms 2x — 3, t,-7 — 12y, x + 3, 3y — 4, x + 12 are in arithmetic sequence. Find the
ordered triple (x, y, t).

(x+/z)-(x{3)=°7 =2d, d= 2. (3y-v) - (7—/2?)2 7

/Y -] =9, 1§y =29, :}g-:i, &,z 7-lrv =912 )
/? ) 7 y /s 3 S J 7 T’§Z~
_/L"—?f&‘ = 4a, = ~9_ 9 _ <27

. 2 C/ ? = - - C(\g X+3 q.g-\“c_/‘

-74»_‘%_:—1'_7_ So X43=-L and x ==3-1 . - (-9 __ /s

J
Ars (X, pt) = (=15 %/_ -%7)



MASSACHUSETTS MATHEMATICS LEAGUE
FEBRUARY 2004
ROUND 7: TEAM QUESTIONS

ANSWERS

N p) 705
B 3¢5 E) 2
~T)/y r_ 36

A)Iffix)= 2x* = 17x + 24 and f(x +a) = 2x — 5x — 9, calculate the value of a.
2 (x4 =17 (Xta) 414 = 24 =X ~
2w Hxa+a) - [7(X+a) FLY s0 Ya=/7=-§, a=23

B) Determine the 142™ positive integer divisible by three or five.

290 L5 The [o0Th c,’wlaj3 ond The boTh div by 5 L uT The
2s7h dwby (5, S2 Yoo lsfke (20460 -20 ~/‘/0’7f“</“ 5y 30r 5,

Nas ok
) . 17 . . !
C) Express cos” % - sm“—z in simple rad i cal Lo,
= Cos U = Cos o8z Cos (Gortr) = £ - 202 ﬁ—’s‘/ﬁ’

D) The hundred’s digit of a three-digit number is one more than twice the units digit, and the
tens digit is three less than the units digit. If the digits were reversed, the number obtained
would be 396 less than the original number. Find the original number.

h=2utl,Tou-3, 19o(2uts )+ 10(U-3)+u = Jood + o (u-3)

LoolU Floo +uU = [02u +347 +@“+‘/) L3906
qa U = 47, y= 3,720, h2?
E) In the figure, AC =9, GC =6, GE = 3, and AD = DG = GF. Find BC.

x =36z 1§ xs3T
a(@-v)=2a(am) =5 . ,z
4-y=0, v=23 A

F) An infinite geometric series has a sum of 54 while the sum of the first three terms is 52.
What is the first term?

) .
A ~Y CL+ar-rafL: 2, §o §U(I-F><l+rﬁr)-~gl,
=" ‘ 29 3= o8 w9/
cy(1-7)=5r, suc =%, C ) = peasil o3



